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Abstract:  

This study focuses on the design of asymmetric supersonic nozzles to improve the per-

formance of conventional axisymmetric propulsion systems. A numerical calculation 

program based on the Method of Characteristics (MOC) at high temperature was devel-

oped to design three-dimensional nozzles with arbitrary exit sections. The streamlines 

are obtained by integrating the axisymmetric flow function, and the three-dimensional 

geometry is generated by tracing the exit section parameters back to the throat. Five 

nozzle shapes were investigated: square, circular, hexagonal, rectangular, and elliptical. 

CFD simulations using Ansys-Fluent were performed to validate the designs for an exit 

Mach number of 4.00 with air as the working fluid. The results show very good agree-

ment with the Fortran program calculations, confirming its accuracy and highlighting 

the influence of exit geometry on nozzle performance. 
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1 Introduction 

Supersonic nozzles play a crucial role in aerospace propulsion systems, missiles, air-

craft engine exhausts, and supersonic wind tunnels. Their main function is to 

accelerate the flow from subsonic to supersonic speeds through successive sections: 

the converging part, where the flow accelerates; the throat, where the Mach number 

reaches unity; the diverging section, where the flow expands and accelerates to super-

sonic speeds; and finally the exit section, which allows efficient discharge of the high 

speed flow. The first studies on rocket and supersonic nozzle design were carried out 

by Malina [1], who used a simplified perfect gas model to determine the performance 
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of rocket engines assuming a one-dimensional conical nozzle flow. Sauer [2] later 

developed a calculation method for supersonic flows based on the Method of Charac-

teristics (MOC), applied to axisymmetric configurations, while Ruptash [3] used the 

calorically perfect gas theory to analyze the performance of supersonic wind tunnels.  

With the development of computational tools, Beckwith et al. [4] improved nu-

merical methods for axisymmetric nozzle calculations, and Rao [5] introduced the 

bell-shaped nozzle geometry to improve nozzle performance compared with earlier 

conical designs. The extension of the MOC to 3D supersonic flows was later investi-

gated by Coburn and Dolph [6], while Rakich [7], Chushkin [8], and Ranson et al. [9] 

developed numerical approaches for three-dimensional supersonic flow fields. Further 

developments in nozzle design were made by Sivells [10], who applied the MOC to 

design two-dimensional and axisymmetric supersonic nozzles. Sutton [11] later pre-

sented several nozzle configurations commonly used in aeronautics, including the 

Minimum Length Nozzle (MLN), which produces centered expansion and efficient 

supersonic flow. Argrow et al. [12] studied the performance of MLN configurations 

and examined the influence of the sonic line in the divergent section. The first work 

dealing with the design of 3D nozzles with arbitrary geometries was conducted by 

Haddad and Moss [13]. 

For several decades, most nozzle design studies were based on the perfect gas as-

sumption, which simplifies the governing equations by considering constant 

thermodynamic properties. However, this assumption becomes inaccurate at high tem-

peratures, since the specific heat Cp and the specific heat ratio γ vary with 

temperature, as highlighted by Anderson [14] and Peterson et al. [15]. Consequently, 

more recent research has incorporated advanced numerical methods and CFD simula-

tions to analyze supersonic nozzle flows, including studies on transient nozzle 

operation, thrust vector control, turbulence modeling, jet noise prediction, and opti-

mized nozzle configurations [16–20]. To improve the accuracy of nozzle design under 

high-temperature conditions, several researchers considered calorically imperfect gas 

models and the influence of stagnation temperature on supersonic nozzle performance 

[21–23].  

In addition, methods for generating 3D nozzle contours using stream functions 

and internal streamlines were proposed by Abada et al. [24], although these approach-

es require significant computational time. In this context, the present work develops 

a numerical calculation program for the design of asymmetric 3D supersonic nozzles 

with arbitrary exit sections. Five different nozzle geometries: square, circular, hexago-

nal, rectangular, and elliptical are designed and analyzed. The results are validated 

using Computational Fluid Dynamics (CFD) simulations with Ansys-Fluent under 

high-temperature conditions. Air is used as the working fluid with a design exit Mach 

number of ME = 4.00 and a stagnation temperature of T0 = 2 000 K. The results are 

compared with published axisymmetric Minimum Length Nozzle configurations to 

evaluate the influence of exit geometry on supersonic nozzle performance [20–24]. 

2 Supersonic Minimum Length Nozzle Theory 

2.1 Design Method of the Axisymmetric Supersonic Nozzle MLN 

There are many possible shapes for supersonic nozzle design, such as the Ideal Con-

tour Nozzle (TIC) and the Thrust Optimized Parabolic (TOC) nozzle. In this study, the 

focus is on high-performance nozzles that provide a maximum exit Mach number with 
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minimum weight. Particular attention is given to the centered expansion nozzle, also 

known as the Minimum Length Nozzle. In this configuration, the flow expansion oc-

curs through Prandtl-Meyer waves generated at the nozzle throat with an initial angle 

θ, as illustrated in Fig. 1. 

 

Fig. 1 Flow field in an axisymmetric nozzle MLN 
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where ν is the Prandtl-Meyer function at high temperature (HT). 

By expressing the ξ and η directions of the Mach lines as functions of the Carte-

sian coordinates x and y, the governing equations of the HT MOC mathematical model 

can be obtained: 
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2.2 Design Method of the Three-Dimensional Asymmetric Supersonic Nozzle 

The flow field in the axisymmetric Minimum Length Nozzle (MLN) is determined 

using a Fortran program based on the high-temperature Method of Characteristics. The 

3D asymmetric nozzles with arbitrary exit sections are generated by defining stream-
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lines in space, obtained through direct integration of the axisymmetric flow function 

ψ(x, y) as expressed in Eq. (6) [24]. 
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The method begins by selecting the shape of the exit section of the axisymmetric 

nozzle with a given length and Mach number. Different geometries can be considered, 

including sections with one plane of symmetry, two planes of symmetry, or no sym-

metry. Fig. 2 illustrates several possible exit-section shapes. The characteristic points 

of these shapes are then projected along the corresponding streamlines, and the surfac-

es formed by these streamlines define the new three-dimensional nozzle geometry. 

 

Fig. 2 Arbitrary exit section with different dispositions 

3 Numerical Approach 

The steady, compressible turbulent flow is governed by the following equations, which 

incorporate various turbulence models: 

The conservation of mass is expressed as: 
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The conservation of momentum equations is given by:  
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The conservation of total energy momentum equations is given by: 
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3.1 Computational Domain Setup 

In this research, three-dimensional axisymmetric steady-state modeling was performed 

to analyze the flow behavior in three-dimensional supersonic centered-expansion noz-

zles at different arbitrarily chosen exit sections. The simulation domain is 400Rth and 

200Rth in the x and y directions, respectively, as shown in Fig. 3. The boundary condi-

tions at the nozzle inlet or throat are: The total stagnation pressure P0 is about 5.0 MPa 

and the stagnation temperature T0 = 2 000 K. 

 

Fig. 3 Simulation domain, boundary conditions, and nozzle grid configuration 

4 Results and Discussion 

In this section, we present the various results obtained by our CFD numerical simula-

tions on the Ansys-Fluent software for asymmetric three-dimensional supersonic 

nozzles of the centered expansion type (Minimum Length Nozzle). We begin by pre-

senting the numerical results calculated by our Fortran calculation program to find the 

wall of the supersonic nozzle for a given exit Mach number and combustion chamber 

temperature T0. Fig. 4 shows the shapes of the supersonic nozzles for different exit 

Mach numbers ME (2.00, 3.00, 4.00 and 5.00) and stagnation temperatures T0 (1 000 K, 

2 000 K and 3 000 K). The presented figures show that the shape of the axisymmetric 

supersonic nozzle increases with the exit Mach number ME and the stagnation temper-

ature T0. 

                   

(a) Effect of the exit Mach number ME          (b) Effect of the stagnation temperature T0  

Fig. 4 Design of the supersonic nozzle with cantered expansion MLN  

in the high-temperature model 
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In correspondence with the results of Fig. 4a, calculated numerically by applying 

the high temperature characteristic method, Tab. 1 shows the design values of MLN 

supersonic nozzles for different Mach numbers.  

Tab. 1 Numerical values for sizing the nozzles giving the exit Mach number ME 

 ME = 2.00 ME = 3.00 ME = 4.00 ME = 5.00 

L/y* 3.6497 9.0175 19.0236 35.4889 

M* 1.2915 1.3081 1.66320 1.7671 

θ* [°] 6.2937 15.114 17.9718 21.3171 

AE/A* 1.7711 4.9995 13.8935 33.7028 

CMass 9.0569 34.695 117.457 336.1706 

CF 0.1767 0.3478 0.4440 0.4962 
 

Fig. 5 shows the three-dimensional computational mesh and the designed geometry 

of the axisymmetric Minimum Length Nozzle with a circular exit section for ME = 4.00 

and T0 = 2 000 K. The mesh follows the nozzle contour to accurately represent the super-

sonic flow expansion. 

              

 

Fig. 5 Three-dimensional mesh and result design of the axisymmetric supersonic  

nozzle MLN with circular exit section for T0 = 2 000 K and ME = 4.00  

Fig. 6 presents the contours of Mach number, temperature ratio T/T0, pressure ratio 

P/P0, and density ratio ρ/ρ0. These contours indicate a strong acceleration of the flow in 

the divergent section, while temperature, pressure, and density decrease as expected in 

a supersonic expansion. 
Fig. 7 shows the evolution of the Mach number along the circular section of the 

MLN nozzle, highlighting the progressive increase of the Mach number until the design 

value at the exit. 

Fig. 8 shows the comparison of the Mach number, temperature ratio T/T0, pressure 

ratio P/P0, and density ratio ρ/ρ0 along the MLN nozzle wall obtained by CFD simula-

tion using Ansys-Fluent and by the numerical Method of Characteristics (MOC). The 

results indicate a very good agreement between the two approaches. This confirms the 

accuracy of the numerical design method used for the MLN supersonic nozzle. 

Tab. 2 presents the comparison between the results obtained from the numerical 

simulation using the MOC Fortran program and the CFD simulation using Ansys-

Fluent for the circular MLN nozzle. The exit Mach number is identical in both meth-

ods (ME = 4.00). Small differences are observed for the thermodynamic ratios T/T0, 

P/P0, and ρ/ρ0, with maximum errors of about 3.95 %, 4.91 %, and 1.22 %, respective-

ly. These small deviations confirm the good agreement and validate the accuracy of 

the numerical model. 
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Mach number contour 

  

Contour of the tempera-

ture ratio T/T0 
  

Contour of the pressure 

ratio P/P0 
  

Contour of the density 

ratio ρ/ρ0 
  

Fig. 6 Shape of the contours of the three-dimensional MLN nozzle with  

a circular exit section 

 

Fig. 7 Curve of the Mach number contours along the circular section MLN nozzle 
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Fig. 8 Comparison of Mach number results, temperature ratio T/T0, pressure ratio 

P/P0 and density ratio ρ/ρ0 along the MLN nozzle wall between CFD (Ansys-Fluent) 

and numerical simulation (MOC) 
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Tab. 2 Calculation of error between results by Ansys-Fluent and numerical simulation 

between the MLN nozzles circular shaped 

 Mach T/T0 P/P0 ρ/ρ0 

Numerical simulation MOC 

(Fortran) 
4.00 0.28422 0.00489 0.01721 

Ansys-Fluent Software 

simulation 
4.00 0.27300 0.00465 0.01700 

Error [%] 0.00 3.95 4.91 1.22 
 

Fig. 9 shows the three-dimensional design of the supersonic nozzle with a circu-

lar exit section for ME = 4.00 and T0 = 2 000 K. The geometry illustrates the expansion 

of the flow from the throat to the nozzle exit. 

       

Fig. 9 Design of the supersonic nozzle with circular exit section for ME = 4.00  

and T0 = 2 000 K  

Fig. 10 presents the contours of Mach number, temperature ratio T/T0, pressure ra-

tio P/P0, and density ratio ρ/ρ0, highlighting the acceleration of the flow and the 

corresponding decrease in thermodynamic properties along the divergent section. 
 

Mach number contour 

  

Contour of the tempera-

ture ratio T/T0 

  

Contour of the pressure 

ratio P/P0 

  

Contour of the density 

ratio ρ/ρ0 

  

Fig. 10 Shape of the contours of the 3D MLN nozzle with a circular exit section 
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Fig. 11 shows the variation of the Mach number along the square section of the 

MLN nozzle, indicating a gradual increase of the Mach number until it reaches the de-

sign value at the exit. 

 

Fig. 11 Curve of the Mach number contours along the square section MLN nozzle 

Fig. 12 shows the design of a supersonic nozzle with a circular exit for an exit 

Mach number ME = 4.0 and a stagnation temperature T0 = 2 000 K. It presents the evo-

lution of the Mach number along the nozzle, as well as the contours of temperature, 

pressure, and density, which gradually decrease in the divergent section as the flow 

accelerates. 

        

Fig. 12 Design of the supersonic nozzle with circular exit section for ME = 4.00 

 and T0 = 2 000 K  

On the other hand, Fig. 13 shows the three-dimensional shape of the MLN nozzle 

with a vertically oriented circular exit. The contours illustrate the flow distribution in 

space, highlighting the uniformity and symmetry of the Mach number, temperature, 

pressure, and density around the circular section. 
 

Mach number contour 

  

Contour of the  

temperature ratio T/T0  
  

Contour of the pressure 

ratio P/P0 
  

Contour of the Density 

ratio ρ/ρ0 
  

Fig. 13 Shape of the contours of the three-dimensional MLN nozzle with a circular exit 

section placed vertically  
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Finally, Fig. 14 illustrates the Mach number curves along the vertical circular sec-

tion at the nozzle exit. This figure allows verification of flow regularity and confirms the 

attainment of the designed exit Mach number, as well as the symmetry around the noz-

zle’s central axis. 

 

Fig. 14 Curve of the Mach number contours along the circular section placed vertically  

of the MLN nozzle 

Fig. 15 presents the configuration of a supersonic nozzle with a circular exit section 

designed to reach an exit Mach number ME = 4.00 at a stagnation temperature T0 = 2 000 K. 

The figure displays the distributions of the Mach number as well as the contours of the 

temperature ratio T/T0, pressure ratio P/P0, and density ratio ρ/ρ0, all of which decrease 

progressively along the divergent part of the nozzle as the flow accelerates. 

       

 
Fig. 15 Design of the supersonic nozzle with circular exit section for ME = 4.00 

 and T0 = 2 000 K  
In contrast, Fig. 16 depicts the contour shapes of a three-dimensional MLN nozzle 

equipped with a hexagonal exit section. This representation highlights the spatial distri-

bution of the flow parameters and shows how the flow adapts to the geometric 

characteristics of the hexagonal outlet. 
 

Mach number contour 

  

Contour of the  

temperature ratio T/T0  
  

Contour of the pressure 

ratio P/P0 
  

Contour of the Density 

ratio ρ/ρ0 
  

Fig. 16 Shape of the contours of the three-dimensional MLN nozzle with  

a hexagon exit section   
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Lastly, Fig. 17 illustrates the variation of the Mach number contours along the hex-

agonal MLN nozzle. This figure provides insight into the evolution of the Mach number 

across the hexagonal section and helps evaluate the uniformity of the supersonic flow at 

the nozzle exit. 

 

Fig. 17 Curve of the Mach number contours along the hexagonal MLN nozzle 

Fig. 18 presents the design of a supersonic nozzle with a circular exit section in-

tended to achieve an exit Mach number ME = 4.0 with a stagnation temperature  

T0 = 2 000 K. The figure displays the distributions of the Mach number together with the 

contours of the temperature ratio T/T0, pressure ratio P/P0, and density ratio ρ/ρ0, show-

ing their gradual variation along the divergent section as the flow accelerates. 

    

 

Fig. 18 Design of the supersonic nozzle with circular exit section for ME = 4.00 

 and T0 = 2 000 K  

In comparison, Fig. 19 illustrates the contour shapes of the three-dimensional MLN 

nozzle with a rectangular exit section. This representation emphasizes the spatial ar-

rangement of the flow field and highlights how the aerodynamic parameters adapt to the 

rectangular geometry at the outlet. 
 

Mach number contour 

    

Contour of the tempera-

ture ratio T/T0 
  

Contour of the pressure 

ratio P/P0 
  

Contour of the density 

ratio ρ/ρ0 
  

Fig. 19 Shape of the contours of the three-dimensional MLN nozzle with 

 a rectangle exit section   
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Finally, Fig. 20 shows the variation of the Mach number contours along the rectan-

gular MLN nozzle. This figure provides an overview of the Mach number evolution 

across the rectangular section and helps assess the distribution and uniformity of the 

supersonic flow at the nozzle exit. 

 

Fig. 20 Curve of the Mach number contours along the rectangle MLN nozzle 

Fig. 21 presents the design of a supersonic nozzle with a circular exit section in-

tended to achieve an exit Mach number ME = 4.00 at a stagnation temperature 

T0 = 2 000 K. The figure shows the contours of the Mach number as well as the distri-

butions of the temperature ratio T/T0, pressure ratio P/P0, and density ratio ρ/ρ0, which 

vary progressively along the divergent section as the flow accelerates. 

          

  

Fig. 21 Design of the supersonic nozzle with circular exit section for ME = 4.00 

 and T0 = 2 000 K  

In contrast, Fig. 22 illustrates the contour shapes of the three-dimensional MLN 

nozzle with an elliptic exit section. This figure highlights the spatial distribution of the 

flow parameters and shows how the flow adapts to the elliptic geometry at the nozzle 

outlet. 
 

Mach number contour 

   

Contour of the tempera-

ture ratio T/T0 
  

Contour of the pressure 

ratio P/P0 
  

Contour of the Density 

ratio ρ/ρ0 
  

Fig. 22 Shape of contours of three-dimensional MLN nozzle with an elliptic exit section    
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Fig. 23 shows the variation of the Mach number contours along the elliptic MLN 

nozzle. It provides an overview of how the Mach number evolves along the nozzle con-

tour and helps evaluate the uniformity of the supersonic flow at the exit. 

  

Fig. 23 Curve of the Mach number contours along the elliptic MLN nozzle 

Finally, Figs 24–27 present the distributions of the main flow parameters along 

the contour of the three-dimensional MLN nozzles. These figures illustrate the evolu-

tion of the temperature ratio T/T0, the Mach number, the pressure ratio P/P0, and the 

density ratio ρ/ρ0, respectively, highlighting the increase in Mach number and the 

corresponding decreases in temperature, pressure, and density as the flow expands 

through the nozzle. 
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Fig. 24 Mach number along the contour        Fig. 25 Temperature ratio T/T0 along the                

of the 3D MLN nozzles                           contour of the 3D MLN nozzles 
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Fig. 26 Pressure ratio P/P0 along the            Fig. 27 Density ratio ρ/ρ0 along the     

contour of the 3D MLN nozzles                         contour of 3D MLN nozzles 

After analyzing the flow behavior in the three-dimensional nozzles, a comparison 

was made between the circular axisymmetric nozzle and the different nozzle geome-

tries based on the results presented in Tab. 3. The analysis shows that when the 

circular axisymmetric nozzle reaches an exit Mach number ME = 4.00, the other three-

dimensional nozzle shapes produce slightly lower Mach numbers; for instance, the 

elliptic nozzle exhibits a decrease of about 6.75 %. Moreover, all asymmetric 3D noz-
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zles, including those with circular sections, generate nearly the same thrust coefficient 

CF. In addition, the study of the geometric variation of the centered expansion nozzle 

reveals that the mass coefficient CMass of the asymmetric 3D nozzles is higher than that 

of the circular nozzle, with an increase ranging from approximately 30 % to 54 %. 

Tab. 3 Calculation of error between results of the MLN nozzles circular  

and different shapes 

 ME T/T0 P/P0 ρ/ρ0 CF CMass 

Circular shape 4.00 0.273 0.00465 0.0170 0.444 117.4572 

Square shape 3.93 0.280 0.00479 0.0181 0.448 165.942 

Error [%] 1.75 2.50 3.004 6.077 0.890 29.22 
Circular shape 

placed vertically 3.67 0.310 0.00560 0.0192 0.448 242.1914 

Error [%] 8.25 11.94 16.964 11.46 0.890 51.50 

Hexagonal shape 3.73 0.303 0.00611 0.0213 0.448 136.0062 

Error [%] 6.75 9.901 23.895 20.188 0.890 13.64 

Rectangular shape 3.78 0.297 0.00595 0.0212 0.448 254.5834 

Error [%] 5.50 8.081 23.849 19.811 0.890 53.86 

Elliptical shape 3.73 0.297 0.00595 0.0212 0.448 185.7309 

Error [%] 6.75 9.901 26.772 23.423 0.890 36.76 
 

Fig. 28 shows the Mach number contours for a supersonic nozzle at different noz-

zle pressure ratios (NPR). As NPR increases from 5 to 200, the flow accelerates more 

strongly, with the Mach number at the nozzle exit increasing and the supersonic region 

becoming more pronounced. 

 

(a) NPR = 5                                         (b) NPR = 10 

 
(c) NPR = 20                                      (d) NPR = 200 

Fig. 28 Mach number contour for different values of NPR 

Fig. 29 illustrates the variation of pressure along the nozzle wall as a function of 

NPR. Higher NPR values result in lower exit pressures due to stronger expansion, high-

lighting the influence of the pressure ratio on the flow acceleration and wall pressure 

distribution. 
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Fig. 29 Pressure variation along the wall of the nozzle as a function of NPR 

5 Conclusion 

This computational study investigates the impact of exit shape variation on a superson-

ic Minimum Length Nozzle, using CFD simulations with Ansys Fluent. Following this 

approach, five three-dimensional nozzles were designed and studied. Square, circular, 

vertically placed, hexagonal, rectangular and elliptical nozzles were used. Numerical 

simulations using the computational fluid dynamics (CFD) solver Ansys-Fluent were 

carried out to validate the design and examine the flow characteristics and perfor-

mance of the three-dimensional asymmetric nozzle. Understanding these parameters is 

essential for the design of asymmetric supersonic nozzles to ensure their mechanical 

strength and safe operation in real conditions. The results of CFD numerical simula-

tions of the different geometric shapes of minimum length nozzles have been 

presented in this work. The maximum difference obtained is very negligible compared 

to the numerical results of our Fortran calculation program. This shows the effective-

ness of our program for the design of three-dimensional nozzles with arbitrary exit 

section. The various results obtained in this article are encouraging and show that the 

geometry of the nozzle exit section influences the performance of supersonic nozzles. 

This work could provide leads to researchers for the design of supersonic rocket noz-

zles.  
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